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Abstract
In this paper, we construct an algorithm for determining whether a given tessel-
lation on a sphere is a spherical Laguerre Voronoi diagram or not. For spherical
Laguerre tessellations, not only the locations of the Voronoi generators, but
also their weights are required to recover. However, unlike the ordinary spheri-
cal Voronoi diagram, the generator set is not unique, which makes the problem
difficult. To solve the problem, we use the property that a tessellation is a
spherical Laguerre Voronoi diagram if and only if there is a polyhedron whose
central projection coincides with the tessellation. We determine the degrees of
freedom for the polyhedron, and then construct an algorithm for recognizing
Laguerre tessellations.
Keywords: spherical Voronoi diagram, Laguerre distance,
recognition problem, projective transformation
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1. Introduction
The Voronoi diagram is one of the most useful representations for tessella-
tions in computational geometry. The fundamental concepts, generalizations,
and applications have been studied widely, e.g., [1, 2]. Here we are concerned
with weighted Voronoi diagrams called Laguerre Voronoi diagrams, which are
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also known as a power diagrams. This class of Voronoi diagrams are important
because the boundaries are linear instead of curved.
The Laguerre Voronoi diagram was introduced by [3, 4]. Briefly, for a set S
of n spheres si = (xi, ri) in Rd, where xi is the position of the center and ri is
the radius, which is equivalent to the generator weight, the Laguerre distance
of x ∈ Rd from si is
dL(x, si) = ‖x− xi‖2 − r2i . (1.1)
In [5, 6] the correspondence between the Laguerre Voronoi diagram in Rd and
a polyhedron in Rd+1 was investigated. Then using the correspondence, an
algorithm for constructing the Laguerre Voronoi diagram was presented in [3, 4],
and a robust version was presented in [7]. The Laguerre Voronoi diagram can
be extended for tessellations on a sphere as defined in [8]. Applications of the
spherical Laguerre Voronoi diagram were also studied in [9, 10] for modeling
objects with spheres.
It is sometimes necessary to consider the inverse of the above problem: the
determination of whether or not a given tessellation is the Voronoi diagram.
If it is, we can recover the corresponding generators. This problem is known
as the Voronoi recognition problem, and was studied in [11, 12, 13, 14, 15,
16]. On the other hand, if the tessellation cannot be represented by a Voronoi
diagram, we approximate it with the best fitting Voronoi diagram; this is called
the Voronoi approximation problem. Examples of the Voronoi approximation
problems are found in [17, 18, 19, 20, 21], for unweighted Voronoi diagrams.
These approximations have a number of useful applications, for instance, if we
have a tessellation that is found in the real world, and we can approximate the
tessellation with a Voronoi diagram, we can use this Voronoi diagram as a model
for understanding the pattern’s formation.
The inverse problems were widely studied for the case of ordinary Voronoi
diagrams, whereas relatively little work has been done for Laguerre diagrams.
Duan et al. [22] considered the inverse problem for the planar Laguerre Voronoi
diagram, and presented an algorithm for recovering the generators and their
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weights from a tessellation. Lautensack [23] and Lyckegaard et al. [24] used
Laguerre Voronoi diagrams to study the relation between structures and their
physical properties. Recently, Spettl et al. [25] fitted Laguerre Voronoi diagrams
to tomographic image data. In the case of the spherical Laguerre Voronoi dia-
gram, Chaidee and Sugihara [10] provided a framework for approximating the
weights of spherical Laguerre Voronoi diagrams when the location of the Voronoi
generators are known.
In this paper, we focus on the spherical Laguerre Voronoi diagram recogni-
tion problem. Our goal is to judge whether or not a given spherical tessellation
is a spherical Laguerre Voronoi diagram. Remark that in the case of the ordi-
nary Voronoi diagram recognition problem, the generator positions are unique
whereas there are many sets of the generating circles generating the same La-
guerre Voronoi diagram. With this reason, the Laguerre Voronoi diagram recog-
nition problem is more difficult than the ordinary Voronoi diagram recognition
problem. By the nonuniqueness property of generating circles, for each spher-
ical Laguerre Voronoi diagram, there is a class of polyhedra whose projections
coincide with the spherical Laguerre Voronoi diagram. Therefore, for a given
tessellation, if we find these polyhedra, we can judge it is a spherical Laguerre
Voronoi diagram, and can recover the generators and their weights. Otherwise,
we judge that the given tessellation is not a spherical Laguerre Voronoi diagram.
This paper is organized as follows. In Section 2, we provide the definitions
and theorems which are necessary for our study. The recognition problem is also
mathematically defined in this section. In Section 3, we focus on the properties
of projective transformations which transform a polyhedron associated with
a spherical Laguerre Voronoi diagram to other polyhedra in the same class.
In Section 4, we give algorithms for constructing a polyhedron from a given
tessellation and for judging whether a given tessellation is a spherical Laguerre
Voronoi diagram. Finally, we summarize our research in Section 5, and give
suggestions for future work.
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2. Preliminaries
In this section, we provide the necessary definitions and theories on the
spherical Laguerre Voronoi diagram. Then we state the problem considered in
this paper.
We first present some fundamental definitions from spherical geometry.
Let U be a unit sphere whose center is located at the origin O(0, 0, 0) of a
Cartesian coordinate system.
For two distinct points p, pi ∈ U with position vectors x,xi, respectively, the
geodesic arc Ûep,pi of p, pi is defined as the shortest arc between p and pi of the
great circle passing through p and pi. The geodesic arc length, also called the
geodesic distance, is given as follows,
d˜(p, pi) = arccos(x
Txi) ≤ pi. (2.2)
In this paper, we focus on spherical tessellations. We define the spherical
polygon as follows.
Let (q1, ..., qm) be a sequence of distinct vertices on the sphere such that the
geodesic arcs Ûeqi,qi+1 (i = 1, ...,m; qm+1 is read as q1) do not intersect except
at the vertices. The left area enclosed by the collection of these geodesic arcs
is called the spherical polygon Q(q1, ..., qm). Q(q1, ..., qm) is abbreviated as Q
hereafter.
The spherical polygon Q is said to be convex if and only if no geodesic arc
joining the two points in Q goes outside of Q.
T is said to be a spherical tessellation if T is a decomposition of U into a
countable number of spherical polygons whose interiors are pairwise disjoint. T
is said to be convex if all of these spherical polygons are convex.
Next, we consider a special case of a spherical tessellation. LetG = {p1, ..., pn}
be a set of points on the sphere U . Assignment of each point on U to the nearest
point in G with respect to the geodesic distance forms a tessellation, which is
called the spherical Voronoi diagram on the sphere U . Algorithms for construct-
ing the spherical Voronoi diagram were provided in [26, 8].
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We can generalize the spherical Voronoi diagram to the spherical Laguerre
Voronoi diagram. The necessary definitions and theorems were originally pre-
sented in [7, 8]. We briefly introduce those definitions and theorems as follows.
For a given sphere U and point pi ∈ G, the spherical circle c˜i centered at pi
is defined by
c˜i = {p ∈ U |d˜(pi, p) = ri}, (2.3)
where 0 ≤ ri < pi/2. ri is called the radius of the spherical circle c˜i.
Following [8], we define the Laguerre proximity, the distance measured from
an arbitrary point p on the sphere U to a spherical circle c˜i, as follows,
d˜L(p, c˜i) =
cos
Ä
d˜(pi, p)
ä
cos (ri)
. (2.4)
Let c˜i and c˜j be two circles. The Laguerre bisector of c˜i and c˜j is defined by
BL(c˜i, c˜j) = {p ∈ U |d˜L(p, c˜i) = d˜L(p, c˜j)}. (2.5)
For a set G˜ = {c˜1, ..., c˜n} of n spherical circles on U , we define the region
R˜(G˜, c˜i) = {p ∈ U |d˜L(p, c˜i) < d˜L(p, c˜j), j 6= i}. (2.6)
The regions R˜(G˜, c˜1), ..., R˜(G˜, c˜n), together with their boundaries constitute a
tessellation, which is called the spherical Laguerre Voronoi diagram of U . Figure
1 shows an example of the spherical Laguerre Voronoi diagram. This is a stereo
diagram. If the right diagram is viewed with the left eye and the left diagram
with the right eye, the sphere can be seen; the upper pair represents the front
hemisphere and the lower pair represents the rear hemisphere.
In [7, 8], an algorithm for constructing the spherical Laguerre Voronoi dia-
gram and its dual, i.e., the spherical Laguerre Delaunay diagram, was proposed.
For a spherical circle c˜i of U , let pi(c˜i) be the plane passing through c˜i, and let
H(c˜i) be the halfspace bounded by pi(c˜i) and containing O. Let `i,j be the line
of intersection of pi(c˜i) and pi(c˜j).
The Laguerre bisector shown in (2.5) is characterized by the following the-
orems.
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Figure 1: Stereographic images of a spherical Laguerre Voronoi diagram.
Theorem 2.1 ([8]). The Laguerre bisector BL(c˜i, c˜j) is a great circle, and it
crosses the geodesic arc connecting the two centers pi and pj at right angles.
Theorem 2.2 ([8]). The bisector BL(c˜i, c˜j) is the intersection of U and the
plane containing `i,j and O.
For a set G˜ of spherical circles, the spherical Laguerre Voronoi diagram is
constructed by the following process. For circles c˜i, we construct the planes
pi(c˜i) and the half spaces H(c˜i), and the intersection of all halfspaces. We
finally project the edge of the resulting polyhedron onto U , with the center of
the projection at O. Then we have the spherical Laguerre Voronoi diagram.
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Throughout this paper, the term spherical polygon is abbreviated as polygon.
Let T be the given convex spherical tessellation on the unit sphere U having n
polygons. We assume that all vertices of T are of degree 3.
The main concern of this paper is to judge whether or not a given tessellation
T is a spherical Laguerre Voronoi diagram.
3. Polyhedron Transformation
From the definition and theorems of the spherical Laguerre Voronoi diagram
in the previous section, the following proposition state the correspondence be-
tween the spherical Laguerre Voronoi diagram and a polyhedron.
Proposition 3.1. L is a spherical Laguerre Voronoi diagram if and only if
there is a convex polyhedron P containing the center of the sphere whose central
projection coincides with L.
Proof. We firstly prove the necessity of the condition. Let L be a spherical La-
guerre Voronoi diagram. Hence, the generating circles exist. Therefore, we get
the intersection of halfspaces with boundary planes passing through the spheri-
cal circles including the center of the sphere. The projection of this polyhedron
onto U coincides with L because of Theorem 2.2.
Inversely, let L be a given spherical tessellation and P be a convex polyhe-
dron containing the center of the sphere such that its central projection coincides
with L. If there exists a plane Pi such that Pi does not intersect U , shrink the
polyhedron P so that Pi intersects U for all i. Let c˜i be the intersection of the
plane containing the face Pi with U for all i. Then, by Theorem 2.2, L is the
spherical Laguerre Voronoi diagram for c˜i’s as the generators.
Therefore, for each spherical Laguerre Voronoi diagram L, there is a class
of polyhedra whose central projections coincide with L. To solve the spherical
Laguerre Voronoi recognition problem, we will construct an algorithm to find
those polyhedra.
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To find these polyhedra, we study the transformation of the polyhedron that
preserves the projection onto the sphere U . Let P 3(R) be the three-dimensional
projective space. The following properties are the requirements for the trans-
formation.
Definition 3.2. (Projection Preservation Property) Let f be a transformation
from P 3(R) to P 3(R). f is said to be the projection preserving mapping with
respect to the origin O if f satisfies the following properties:
1. f(O) = O;
2. For any point v ∈ P 3(R), v and f(v) are on the same line passing through
O.
Let va = (ta, xa, ya, za) ∈ P 3(R) be a homogeneous coordinate representa-
tion of a vertex of the polyhedron P in the projective space. We define a map
f : P 3(R)→ P 3(R) by
f(va) =

α β γ δ
0 η 0 0
0 0 η 0
0 0 0 η
va (3.7)
where α, β, γ, δ, η ∈ R and α 6= 0, η 6= 0.
Theorem 3.3. The mapping f defined by equation (3.7) is a projection pre-
serving mapping.
Proof. We now prove that the map f satisfies the conditions in Definition 3.2.
It is easy to verify that f(O) = O. It remains to be shown that f(va) = v
′
a,
where v′a lies on the line passing through the origin La of va.
For va = (ta, xa, ya, za) ∈ P 3(R), we have
f(va) =

α β γ δ
0 η 0 0
0 0 η 0
0 0 0 η


ta
xa
ya
za
 =

Λ
ηxa
ηya
ηza
 (3.8)
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where Λ = αta + βxa + γya + δza.
Note that for the transformed point v′a = (Λ, ηxa, ηya, ηza) in the projective
space P 3(R), (ηxa
Λ
,
ηya
Λ
,
ηza
Λ
)
=
ηta
Λ
Å
xa
ta
,
ya
ta
,
za
ta
ã
is a point in the space R3 which implies that v′a lies on the same line as va,
which concludes the proof.
Since the transformation is a projective map, it preserves the planarity of
faces of a polyhedron. Also, by the reason that f satisfies the projection preser-
vation property, the transformed point f(v) is on the same line as v passing
through O. However, the transformation as defined in (3.7) does not guarantee
the convexity of the projected polyhedron because some vertices may be mapped
to the other side of the origin. Note that if α = η = 1 and β = γ = δ = 0,
the map f is an identity map. The set of the transformations of the form (3.7)
form a continuous group, and hence for each convex polyhedron P, there ex-
ists a positive constant  such that for any − ≤ α − 1, η − 1, β, γ, δ ≤ , the
transformation (3.7) maps P to a convex polyhedron.
Note that the transformation is uniquely determined if we fix the five pa-
rameters α, β, γ, δ, and η. However, the homogeneous coordinate representation
itself has one degree of freedom to represent each point. Hence, the choice of
the polyhedron transformed from P by (3.7) has four degrees of freedom.
4. Algorithms
4.1. Recognition procedure
In the previous section, the existence of the class of polyhedra whose pro-
jections coincide with the given spherical Laguerre Voronoi diagram is proved
by Theorem 3.3. In this section, we propose an algorithm for constructing a
polyhedron with respect to a given tessellation. Let T be a given spherical tes-
sellation. If a polygon i is adjacent to a polygon j, then there exists a geodesic
arc Ûei,j which is a tessellation edge partitioning polygons i and j. The tessel-
lation vertex that is the intersection of edges Ûei,j , Ûej,k, and Ûei,k is denoted by
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vi,j,k, as shown in Figure 2. During the algorithm, `i,j is defined as the line
intersecting pi(c˜i) and pi(c˜j).
vi,j,k
Ûei,j
polygon i
polygon j
polygon k
Ûei,k Ûej,k
Figure 2: Three adjacent polygons corresponding to a tessellation vertex.
The overview of the recognition procedure is to try to construct a set of
planes composing a polyhedron whose central projection coincides with T . The
planes are chosen sequentially. Suppose that the chosen sequence of the first
three planes of polygons is (i, j, k). The choice of the first two planes of polygons
i, j has the degrees of freedom, while the third plane of the polygon k can be
constructed uniquely up to the first two planes of polygons i, j.
The following algorithm is for the construction of the first three planes of
the polyhedron corresponding to the three polygons i, j, k.
Algorithm 1: Plane Construction with Three Adjacent Sites
Input: Tessellation edges Ûei,j , Ûej,k, Ûei,k, and degree-three tessellation vertex
vi,j,k.
Output: The three planes Pi, Pj , Pk with respect to polygons i, j, k.
Procedure:
1. select a spherical circle c˜i with center pi ∈ U and radius ri in polygon i.
2. construct a plane Pi := pi(c˜i) of the spherical circle c˜i;
3. construct a plane Pi,j , Pi,k, Pj,k passing through Ûei,j , Ûei,k, and Ûej,k, re-
spectively;
4. find the line `i,j by intersecting Pi and Pi,j , and `i,k by intersecting Pi
and Pi,k;
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5. construct a geodesic arc Ûeci,j such that Ûeci,j passes through pi and is per-
pendicular to Ûei,j ;
6. choose a point qj in polygon j on the arc Ûeci,j ;
7. construct the plane Pj passing through `i,j and qj ;
8. find the line `j,k by intersecting the planes Pj and Pj,k;
9. construct the plane Pk passing through the line `i,k and `j,k.
end Procedure
In step 8 of Algorithm 1, `j,k is constructed from the intersection of Pj and
Pj,k which is used in step 9 of the Algorithm 1. The following lemma guaran-
tees the co-planarity of `i,k and `j,k.
Lemma 4.1. `i,k generated in step 4 of Algorithm 1 and `j,k generated in step
8 are co-planar.
Proof. From Algorithm 1, suppose that the construction sequence is (i, j, k).
Then there exists an intersection between planes Pi and Pi,k and Pi,j , written
as `i,k and `i,j , respectively which are obviously coplanar. Since Pi,k and Pi,j
pass through Ûei,k and Ûei,j such that Ûei,k intersects Ûei,k at vi,j,k, there exists a
line `i,j,k which is the intersection of Pi,k and Pi,j . Therefore, there exists the
intersection point of `i,k, `i,j and `i,j,k, says Vi,j,k.
By step 7 of Algorithm 1, the plane Pj is constructed through `i,j , and also
Vi,j,k. Then `j,k is constructed through the intersection of Pj and Pj,k. Hence,
Vi,j,k is laid in the line `j,k. Since Vi,j,k ∈ `i,k and Vi,j,k ∈ `j,k, there exists the
unique plane passing through `i,k and `j,k which implies that `i,k and `j,k are
co-planar.
We next extend this process to construct all planes P1, ..., Pn corresponding
to the polygons 1, ..., n of the given tessellation.
Let Vi be the set of vertices of the i-th spherical polygon. Note that Vi is
written as Vi = {vi,j1,k1 , ..., vi,jm,km} where m is the number of vertices of the
i-th spherical polygon. The set of spherical tessellation vertices is denoted by
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V = ∪ni=1Vi.
Algorithm 2: Construction of n planes
Input: Spherical tessellation T where all vertices are of degree 3, and the set
V of tessellation vertices.
Output: The planes P1, ..., Pn with respect to the polygons 1, ..., n, and Mark(v) ∈
{0, 1} for v ∈ V.
Comment: P is the set of planes constructed in the procedure.
Procedure:
1. make P empty;
2. set Mark(v) = 0 for all v ∈ V;
3. choose an arbitrary vertex vi,j,k ∈ V and employ Algorithm 1 to construct
planes Pi, Pj , Pk;
4. add the planes Pi, Pj , Pk to P;
5. set Mark(vi,j,k) = 1;
6. while there exists vertex vp,q,l ∈ V such that Mark(vp,q,l) = 0 and exactly
two planes Pp, Pq are included in P,
do
apply steps 3, 4 of Algorithm 1, where (i, j, k) are read as (p, q, l), to
find `p,q and `p,l;
compute `q,l from the intersection of Pq and Pq,l;
compute `p,q,l from the intersection of Pq,l and Pp,l;
compute Vp,q,l from the intersection of Pp and `p,q,l;
choose a point v′q,l on the line `q,l;
construct a plane Pl from the point v
′
q,l, Vp,q,l and line `p,l.
add Pl to P;
set Mark(vp,q,l) = 1;
end while
end Procedure
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In step 6 of Algorithm 2, for any arbitrary planes Pp, Pq ∈ P to construct a
plane Pl, the choice of the point v
′
q,l from the line `q,l affects the uniqueness
of the plane. That is, it takes a degree of freedom for each v′q,l. However, if
the given tessellation T is a spherical Laguerre Voronoi diagram, then a point
v′q,l in step 6 of Algorithm 2 is arbitrarily chosen to obtain the unique plane Pl
passing through `p,l and `q,l, which means that there is no degree of freedom in
the choice of v′q,l. For that purpose, we claim that for any point v
′
q,l on the line
`q,l and `p,l are co-planar, which is proved by the following lemma.
Lemma 4.2. If T is a spherical Laguerre Voronoi diagram, then the plane Pl
of the construction sequence (p, q, l) constructed in the step 6 of Algorithm 2
does not depend on the choices of v′q,l.
Proof. Let T be a spherical Laguerre Voronoi diagram. We prove Vp,q,l ∈ `q,l
to imply that any choices of v′q,l on `q,l gives the same plane Pl passing through
Vp,q,l, `p,l and `q,l.
In the step 6 of Algorithm 2, suppose that vp,q,l is the tessellation vertex
of the adjacent polygons p, q, l. Suppose that there are planes Pp, Pq ∈ P.
By Theorem 2.2, `p,q of the intersection of Pp and Pq is laid on the plane Pp,q
passing through the geodesic arc Ûep,q. Note that the line `p,q,l of the intersection
of planes Pp,q and Pq,l is also included in Pp,l, and the intersection Vp,q,l of Pp
and `p,q,l is on the lines `p,q and `p,l.
Using the fact that `p,q lays on the plane Pp,q of Ûep,q and Theorem 2.2, it
is implied that `p,l ,the intersection of Pp and Pp,l, and `q,l, the intersection of
Pq and Pq,l, intersect at Vp,q,l, which means that Vp,q,l ∈ `q,l. Therefore, there
exist a unique plane Pl independent from the choice of v
′
q,l.
In Algorithm 1, we arbitrarily choose the first spherical circle c˜i (i.e., with
generator position pi and radius ri), and the generator position with the choice
of qj of the adjacent polygon j which lies on the geodesic arc Ûeci,j . This means
that we have four degrees of freedom pursuing in Algorithm 1. This reflects the
freedom in the choice of the polyhedron for representing the spherical Laguerre
Voronoi diagram as shown in the following theorem.
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Theorem 4.3. There are exactly four degrees of freedom in the choice of a
polyhedron P with respect to the given spherical Laguerre Voronoi diagram.
Proof. To prove this theorem, we will derive the lower and upper bounds for
the degrees of freedom in the choice of the polyhedron.
The lower bound is four as we have seen in Theorem 3.3 and the discussion
immediately after the theorem.
For the upper bound, we show that if we have two polyhedra P and P ′ whose
projections give the same spherical Laguerre Voronoi diagram, P is transformed
to P ′ by the transformation (3.7).
Let P and P ′ be two different polyhedra whose central projections give
the same spherical Laguerre Voronoi diagram. Assume that Pi and Pj are
planes containing mutually adjacent faces Fi, Fj of P. Then there are vertices
vi,j,k1 , vi,j,k2 ∈ Fi ∩ Fj for some k1, k2. Without loss of generality, we choose
vertices vi,m1,m2 ∈ Fi and vj,n1,n2 ∈ Fj of the polyhedron P. Note that the
remaining polyhedron vertices are uniquely constructed by Algorithm 2 and
Lemma 4.2.
On the polyhedron P ′, we consider the polyhedron vertices v′i,j,k1 , v′i,j,k2 ∈
F ′i ∩F ′j and v′i,m1,m2 ∈ F ′i and v′j,n1,n2 ∈ F ′j . Then there exists a transformation
f which transforms the vertices vi,j,k1 , vi,j,k2 , vi,m1,m2 , vj,n1,n2 to the vertices
v′i,j,k1 , v
′
i,j,k2
, v′i,m1,m2 , v
′
j,n1,n2
, respectively.
Let P ′′ be the polyhedron transformed by f from P. Since the first four
points of polyhedron P ′′ are v′i,j,k1 = f(vi,j,k1) , v′i,j,k2 = f(vi,j,k2), v′i,m1,m2 =
f(vi,m1,m2), v
′
j,n1,n2
= f(vj,n1,n2), and all the other vertices are determined by
Algorithm 2, P ′′ is the same polyhedron as P ′. This means that the upper
bound of the degrees of freedom is four.
Thus, the degrees of freedom for choosing the polyhedron are exactly four.
Note that in Algorithm 1, we choose 4 parameters arbitrarily, two for pi, one
for ri in step 1 and one for qj in step 6. Therefore, if the given tessellation T
is a spherical Laguerre Voronoi diagram, the projection of the arrangement of
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the planes constructed by Algorithm 2 on the sphere gives T for any spherical
circle c˜i and the point qj is chosen in Algorithm 1.
We have the following corollary which is directly implied from Lemma 4.2,
Algorithm 2, and Theorem 4.3.
Corollary 4.4. If T is a spherical Laguerre Voronoi diagram, then Algorithm 2
gives the unique polyhedron up to the choice of the first four degrees of freedom.
We use the contraposition of Corollary 4.4 to verify that, if the constructed
planes composing a polyhedron with respect to the tessellation T using Al-
gorithm 2 are not uniquely constructed from the first choice of four degrees
of freedom, then the given tessellation is not the spherical Laguerre Voronoi
diagram.
The following lemma characterizes the properties of the polyhedron vertices
and the given tessellation.
Lemma 4.5. Let T be a given tessellation and P a set of planes constructed by
Algorithm 2. T is a spherical Laguerre Voronoi diagram if and only if for all
vertices vi,j,k ∈ V,
1. there exists the unique point Vi,j,k of the intersection of the plane Pi, Pj , Pk ∈
P; and
2. there exists t ∈ R\{0} such that Vi,j,k = tvi,j,k.
Proof. Firstly, let T be a spherical Laguerre Voronoi diagram and vi,j,k ∈ V.
Without loss of generality, assume that Pi, Pj are constructed sequentially. By
Lemma 4.2, Pk is uniquely determined from Pi and Pj which is constructed
from `i,k and `j,k. Hence, Vi,j,k ∈ Pi ∩ Pj ∩ Pk uniquely. In addition, since
vi,j,k ∈ Ûei,j ∩ Ûei,k ∩ Ûej,k and `i,j,k := Pi,j ∩ Pj,k ∩ Pi,k is a line passing through
O and vi,j,k, Algorithm 2 and Lemma 4.2 implies that Vi,j,k is laid on the line
`i,j,k. That is, the condition 1 and 2 of the lemma are satisfied.
Conversely, suppose that the conditions 1 and 2 of the lemma hold. Since
Vi,j,k’s are formulated from the halfspaces intersection of the planes in P which
are constructed from Algorithm 2, and the central projection is preserved from
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the condition 2, Proposition 3.1 implies that T is a spherical Laguerre Voronoi
diagram.
Lemma 4.5 means that from the constructed polyhedron, the vertices se-
lected in Algorithm 2, i.e., the vertices v with Mark(v) = 1 set in Algorithm
2, are located on the lines emanating from the origin and passing through the
associated tessellation vertices. Therefore, the given tessellation T is not the
spherical Laguerre Voronoi diagram if other vertices are not necessarily on the
radial lines emanating from the origin and passing through the associated tes-
sellation vertices.
As mentioned before, the uniqueness of the plane Pl constructed from Pp
and Pq is up to the choice of the point v
′
q,l in the step 6 of Algorithm 2. Lemma
4.2, Corollary 4.4 together with Lemma 4.5 lead to Algorithm 3 for checking
whether the given tessellation is a spherical Laguerre Voronoi diagram or not.
From Algorithm 2, the set of tessellation vertices V is divided into two
groups: marked vertices and unmarked vertices. The unmarked vertices are
vertices v ∈ V such that Mark(v) = 0. Remark that for the marked vertex
vp,q,l, the plane Pl constructed from Pp and Pq in Algorithm 2 passes through
the intersection point Vp,q,l on the line `p,q,l passing through vp,q,l. Therefore,
it is sufficient to check the consistency in Algorithm 3 among the unmarked
vertices.
Algorithm 3: Spherical Laguerre Voronoi Diagram Recognition
Input: The tessellation T , the set P and Mark(v), v ∈ V constructed from Al-
gorithm 2.
Output: “true” or “false”.
Comment: “true” means that T is a spherical Laguerre Voronoi diagram.
Procedure:
1. choose an unmarked vertex vp,q,l;
2. if compute the intersection Vp,q,l of planes Pp, Pq, Pl ∈ P, there exists
t ∈ R such that Vp,q,l = tvp,q,l then
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Mark(vp,q,l) = 1;
else
report “false” and terminate the process;
end if ;
3. if Mark(v) = 1 for all v ∈ V then
report “true”;
else
go to step 1;
end if
end Procedure
4.2. Algorithm analysis
In this section, we analyze the proposed algorithm. In Algorithm 1, the main
operations are for the plane construction and the intersection of two planes,
each of whose complexity is O(1). Since Algorithm 1 is related to the first three
polygons, the complexity of Algorithm 1 is O(1).
The spherical Laguerre Voronoi diagram recognition problem is mainly con-
sidered by Algorithms 2 and 3. The following theorem shows the complexity of
the problem.
Theorem 4.6. For an n cells tessellation, we can judge whether the given
tessellation is a spherical Laguerre Voronoi diagram in O(n log n) time.
Proof. We now consider the complexity of Algorithm 2. In Algorithm 2, the
time complexity of steps 1 to 5 is O(1). Most of the computation time is spent
on step 6. We use a priority queue with a heap structure whose nodes contain
vertices as follows.
For each tessellation vertex v ∈ V, we define the key function k(v) = c, where
c is the number of planes constructed around vertex v. Firstly, let k(v) = 0 for
all v ∈ V. During the course of processing, the key value increases and 0 ≤
k(v) ≤ 3. At the end of step 3 of Algorithm 2, we have k(vi,j,k) = 3 and for the
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three vertices vi,j,a1 , vi,a2,k and va3,j,k adjacent to vi,j,k, k(vi,j,a1) = k(vi,a2,k) =
k(va3,j,k) = 2.
We store vertices with key values less than or equal to 2 in the heap according
to the key function so that the root node has the largest key value. For each
repetition of step 6 in Algorithm 2, the root node is deleted from the heap, and
the vertex contained within is set to vp,q,l. After we construct the plane, we
update the key function. Then we remove nodes which have a key value of 3.
The other nodes whose key values have been changed are relocated in the heap.
We repeat this process until all nodes have been removed from the heap. Adding
and removing a node from the heap requires O(log n) time. Since the spherical
tessellation is planar, the number of vertices is O(n). Hence, the complexity of
step 6 in Algorithm 2 is O(n log n).
After we obtain the planes P1, ..., Pn from Algorithm 2, the construction of
the polyhedron can be performed using the intersection of halfspaces, including
the origin, which requires O(n log n) time.
In Algorithm 3, we have to check unmarked vertices. For each vertex, we pick
the planes of the corresponding polygons and find the intersection of three planes
at the vertex which take the time complexity O(1). Therefore, the complexity
of Algorithm 3 is O(n) through the unmarked vertices.
Summarizing the above considerations, we have proved that the complexity
of the spherical Laguerre Voronoi diagram recognition is O(n log n).
4.3. Interpretation of the generators
Once the tessellation T is judged as a spherical Laguerre Voronoi diagram,
by Algorithm 1, 2, 3, we can construct the associated set of generators in the
following way.
First, shrink the polyhedron constructed by Algorithm 2 so that all the
planes intersect with U . Next, collect all the intersections, i.e., circles, between
the planes and U . The resulting set of circles is the set of generators. Note
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that the generator set is not unique. The set of circles obtained by the above
procedure is an example of the generator set.
5. Concluding Remarks
We proposed an algorithm for determining whether a spherical tessellation
is a spherical Laguerre Voronoi diagram. The algorithm utilizes the convex
polyhedron corresponding to a given tessellation. The criterion for recognizating
a spherical Laguerre Voronoi diagram is obtained from this polyhedron. If the
given tessellation is a spherical Laguerre Voronoi diagram, we can recover the
generating spherical circles.
The properties of the polyhedron presented in the algorithm can be applied
to the spherical Laguerre Voronoi approximation problem. If we have a spher-
ical tessellation which does not correspond exactly with a spherical Laguerre
Voronoi diagram, employing Algorithm 2 can give us an approximate spherical
Laguerre Voronoi diagram. An interesting problem is the determination of the
spherical Laguerre Voronoi diagram which provides the best approximation to
the spherical tessellation.
From the perspective of practical applications, we [10] recently presented an
algorithm for finding the spherical Laguerre Voronoi diagram which most closely
approximates a tessellation, using an example of a planar tessellation extracted
from a photo taken from a curved surface with generators. For the case that
a given spherical tessellation does not contain generators, we may apply the
proposed algorithms for approximating the generators and their weights. One
of our future areas for study is the application of the algorithms presented here
to the analysis of polygonal patterns found in the real world.
Acknowledgements The first author acknowledges the support of the
MIMS Ph.D. Program of the Meiji Institute for the Advanced Study of Mathe-
matical Sciences, Meiji University, and the Development and Promotion of Sci-
ence and Technology Talents Project (DPST) of the Institute for the Promotion
19
of Teaching Science and Technology (IPST), Ministry of Education, Thailand.
The authors also thank the reviewers who gave useful comments for improving
the manuscript. This research is supported in part by the Grant-in-Aid for
Basic Research [24360039]; and Exploratory Research [151512067] of MEXT.
References
References
[1] F. Aurenhammer, R. Klein, D. T. Lee, Voronoi Diagrams and Delaunay
Triangulations, World Scientific Publishing Company, Singapore, 2013.
[2] A. Okabe, B. Boots, K. Sugihara, S. N. Chiu, Spatial Tessellations: Con-
cepts and Applications of Voronoi Diagrams, 2nd Edition, Series in Prob-
ability and Statistics, John Wiley and Sons, Inc., 2000.
[3] H. Imai, M. Iri, K. Murota, Voronoi Diagram in the Laguerre Geometry
and Its Applications, SIAM J. Comput. 14 (1) (1985) 93–105. doi:10.
1137/0214006.
[4] F. Aurenhammer, Power Diagrams: Properties, Algorithms and Applica-
tions, SIAM J. Comput. 16 (1) (1987) 78–96. doi:10.1137/0216006.
[5] F. Aurenhammer, A criterion for the affine equivalence of cell complexes
inR d and convex polyhedra inR d+1, Discrete. Comput. Geom. 2 (1)
(1987) 49–64. doi:10.1007/BF02187870.
[6] F. Aurenhammer, H. Imai, Geometric relations among Voronoi diagrams,
Geom. Ded. 27 (1) (1988) 65–75. doi:10.1007/BF00181613.
[7] K. Sugihara, Three-dimensional convex hull as a fruitful source of diagrams,
Theor. Comput. Sci. 235 (2000) 325–337. doi:10.1016/S0304-3975(99)
00202-9.
[8] K. Sugihara, Laguerre Voronoi diagram on the sphere, J. Geom. Graph.
6 (1) (2002) 69–81. doi:10.1.1.95.3444.
20
[9] P. Mach, P. Koehl, An analytical method for computing atomic contact
areas in biomolecules, J. Comput. Chem. 34 (2) (2013) 105–120. doi:
10.1002/jcc.23111.
[10] S. Chaidee, K. Sugihara, Fitting Spherical Laguerre Voronoi Diagrams to
Real-World Tessellations Using Planar Photographic Images, in press.
[11] A. L. Loeb, Space structures : their harmony and counterpoint / Arthur
L. Loeb ; with a foreword by Cyril Stanley Smith, Addison Wesley Pub.
Co., Advanced Book Program Reading, Mass, 1976.
[12] P. F. Ash, E. D. Bolker, Generalized Dirichlet tessellations, Geom. Ded.
20 (2) (1986) 209–243. doi:10.1007/BF00164401.
[13] F. Aurenhammer, Recognising polytopical cell complexes and constructing
projection polyhedra, J. Symbolic. Comput. 3 (3) (1987) 249–255. doi:
10.1016/S0747-7171(87)80003-2.
[14] D. Hartvigsen, Recognizing Voronoi Diagrams with Linear Programming,
ORSA. J. Comput. 4 (4) (1992) 369–374. doi:10.1287/ijoc.4.4.369.
[15] F. Schoenberg, T. Ferguson, C. Li, Inverting dirichlet tessellations, Com-
put. J. 46 (1) (2003) 76–83. doi:10.1093/comjnl/46.1.76.
[16] G. Aloupis, H. Pe´rez-Rose´s, G. Pineda-Villavicencio, P. Taslakian,
D. Trinchet-Almaguer, Fitting Voronoi diagrams to planar tesselations,
LNCS, vol. 8288 8288 LNCS (2013) 349–361. arXiv:1308.5550, doi:
10.1007/978-3-642-45278-9_30.
[17] H. Honda, Geometrical models for cells in tissues., Vol. 81, 1983. doi:
10.1016/S0074-7696(08)62339-6.
[18] H. Honda, Description of cellular patterns by Dirichlet domains: The two-
dimensional case, J. Theor. Biol. 72 (3) (1978) 523–543. doi:10.1016/
0022-5193(78)90315-6.
21
[19] A. Suzuki, M. Iri, Approximation of a tessellation of the plane by a Voronoi
diagram, J. Oper. Res. Soc. Jpn. 29 (1) (1986) 69–97.
[20] D. G. Evans, S. M. Jones, Detecting Voronoi (area-of-influence) polygons,
Math. Geol. 19 (6) (1987) 523–537. doi:10.1007/BF00896918.
[21] S. Chaidee, K. Sugihara, Approximation of fruit skin patterns us-
ing spherical Voronoi diagrams, Pattern. Anal. Appl.doi:10.1007/
s10044-016-0534-2.
[22] Q. Duan, D. P. Kroese, T. Brereton, A. Spettl, V. Schmidt, Inverting
laguerre tessellations, Comput. J. 57 (9) (2014) 1431–1440. doi:10.1093/
comjnl/bxu029.
[23] C. Lautensack, Fitting three-dimensional Laguerre tessellations to foam
structures, J. Appl. Stat. 35 (9) (2008) 985–995. doi:10.1080/
02664760802188112.
[24] A. Lyckegaard, E. M. Lauridsen, W. Ludwig, R. W. Fonda, H. F. Poulsen,
On the use of laguerre tessellations for representations of 3D grain struc-
tures, Adv. Eng. Mater. 13 (3) (2011) 165–170. doi:10.1002/adem.
201000258.
[25] A. Spettl, T. Brereton, Q. Duan, T. Werz, C. E. Krill, D. P. Kroese,
V. Schmidt, Fitting Laguerre tessellation approximations to tomographic
image data, Philos. Mag. 96 (2) (2016) 166–189. arXiv:1508.01341,
doi:10.1080/14786435.2015.1125540.
[26] R. J. Renka, Algorithm 772: STRIPACK: Delaunay triangulation and
Voronoi diagram on the surface of a sphere, ACM Trans. Math. Softw.
23 (3) (1997) 416–434. doi:10.1145/275323.275329.
22
